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ABSTRACT

When the mode splitting technique is used the variables playing a role in the mass conservation equation are computed
with different frequencies, since two time steps are utilized. The three-dimensional velocity field advecting the scalar
quantities must however be divergence free—in the time stepping of the scalar quantities. A simple method aiming at
enforcing this condition is outlined in the case of a free-surface sigma coordinate model using a “forward time stepping”.

This technique consists in using the sum of the baroclinic transport at the old time step and the average of the barotropic

transport over the baroclinic time increment. In the Appendix,
being used with any kind of time stepping.

Introduction

Most marine models involve the computation
of scalar quantities, the governing equations of
which are of the form

da d(usa) 3
a_t+v-(ua)+—ax3—__Q+D’ (1)

where a, Q and D represent the scalar variable
under study, an appropriate source /sink term
and the diffusion term, respectively; u is the
horizontal velocity vector and i, is the vertical
component of the velocity; 7 and x, denote time
and the vertical coordinate—pointing upwards—
while V is the horizontal “gradient operator”, i.e.,
V=ed/0x; +e,d/0x,, e, and e, being the hori-
zontal unit vectors associated with the horizontal
coordinates x, and x,.

By elementary manipulations, Eq. (1), which is
in “conservative form”, may be cast into the
so-called “advective form”, ie.,
da da

—tuVatu;—=0,+D,
at ?ox, Qr

(2)
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One suggests another method, less accurate but capable of

where the “total” production /destruction term is

defined as
Qr=0-ay, (3)
with
77N
y=V-ou+ E (4

Of course, the continuity equation states that

7, the rate of divergence of the flow field, must
be zero,

y =0, (5)

so that there is no need to introduce a correction
to the source /sink term.

Nevertheless, as emphasized by many authors
such as Patankar (1980, pp. 38, 39, 99), for in-
stance, there are many numerical schemes in
which Eq. (5) is not exactly satisfied, implying the
presence of a spurious production / destruction
term in evolution equations similar to Eq. (1).

In free-surface marine models using the sigma
coordinate, the numerical counterpart of Eq. (5)
is easily satisfied. However, when the mode split-
ting technique is utilized, providing the equations

Elsevier Science Publishers BV, All rights reserved



366

governing the evolution of scalar quantities with a
divergence free flow field is not trivial. This ob-
jective may be achieved by resorting to an appro-
priate definition of the advection field, as is shown
in the present note.

The sigma coordinate system

To take into account the topography of the
bottom and the surface of the sea, it may be
appropriate to use a coordinate system in which
the lower and upper boundaries of the computa-
tional domain are coordinate surfaces. Building
on the work of Kasahara (1974), Deleersnijder
and Ruddick (1992) have presented a generalized
vertical coordinate obeying this condition. A very
popular particular case of this general coordinate
system is the so-called “sigma coordinate” (Phil-
lips, 1957; Freeman et al., 1972; Owen, 1980;
James, 1986; Nihoul et al., 1986; Blumberg and
Mellor, 1987; Deleersnijder, 1989; Davies, 1990;
Beckers, 1991; Ruddick et al., 1993). The latter
results from a linear coordinate transformation,
which reads (Fig. 1)

B L xyth
(t,ﬁl,xz,x3)= t,xi,xz,Lm—=LG’ 3

(6)

where the variables of the transformed space, or
sigma space, are in the left-hand side of Eq. (6);
h is the sea depth with respect to the reference
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sea level and n is the sea surface elevation so
that H = h + 7 represents the total height of the
water column. The constant L is the sea depth in
the sigma space and o is a dimensionless vertical
coordinate that is equal to 0 at the sea bottom
and is equal to 1 at the sea surface.

Along with the sigma transformation, it is cus-
tomary to introduce a new vertical velocity de-
fined as

3%, . 3% 5
fi,=—+u-Vi;+tu;—. 7
3= 3t s (7)
The impermeability of the sea surface and the sea
bottom is easily expressed by

[a3]0=1,0=0' (8)
It is convenient to adopt the following nota-

tions:

(U, U, U, Us;) = (Hu, Ha, Hu — Hi, His). (9)
We call the variables above total tramsport,

barotropic transport, baroclinic transport and

vertical transport, respectively. In Eq. (9), u de-
notes the depth-averaged horizontal velocity

1
= fo udo (10)

In the sigma space, the continuity equation

reads

ol al,
af+V'U+§"3=D’ (11)

with V = e,3,/0%, + e,0,/0%,.

Hy=

real space sigma space
%
3 sea surface r
X n
X 1 . ; P seasurfice A o=1
2 A reference sea
ﬂ level
igm
sigma . L
U transformation
h
X3
~J seabottom Y o=0 B
\r ey X 1
A 3\’2
sea bottom

Fig. 1. Illustration of the sigma coordinate transformation.
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Computation of scalar quantities

When using the sigma coordinate system, it is
desirable to transform the typical evolution equa-
tion of scalar quantities (1) to

8(Usa)
9x

3

%+V (Ua) + =HQ + HD, (12)

This equation is in conservative form, which is
usually preferable for robust numerical calcula-
tions and for preventing numerical loss or gain of
the scalar quantity under study.

The flow field used in the left-hand side of Eq.
(12) must satisfy the continuity Eq. (11), other-
wise the spurious divergence or convergence of
the flow field will give rise to artificial source / sink
effects, as explained above. This condition must
be satisfied by the numerical scheme, implying
that the numerical discretization of the left-hand
side of Eq. (12) must be such that

aHa+V o ———2 Asa)

X5

Haa UVa+U. a H
=H—=+UVNa+U,— +
ot ¢ oz, Y

oa = i da
=H—+UVa+ ———; 13
of %, (13)
Unfortunately, most numerical schemes, if not
all of them, cannot verify Eq. (13), for the space
discretization does not allow relations such as
V (Ua)=U-Va+aV-U to hold valid. We are
thus forced to turn to a less demanding test case.
According to Patankar (1980, pp. 38, 39, 99), we
will simply require that, when @ is constant in
space, the numerical scheme lead to
0Ha N Usa) da

— + V- + == 14
ot () 0%, at (14)

We will thus require that the numerical
schemes examined below successfully pass the
test (14). The analysis will concentrate on the
time discretization and it will simply be assumed
that the space discretization is well-behaved,
which means, for example, that V- (Ua) =aV - U
holds true when a is constant in space.

From now on, all space derivatives are to be
interpreted as their discretized counterparts.
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The present study is mainly focused on time
steppings involving “forward differences” in time.

Algorithm without mode splitting

We first examine a numerical scheme that
does not resort to the mode splitting technique.
In this case, it is not necessary to distinguish
between U and U—because these two parts of
the total transport are computed with the same
time stepping. Accordingly, the continuity Eaq.
(11) may be approximated by

Hn+1_“Hn _ aU;L
_T+V'U"+?x§=0, (15)

L1

where “n” refers to the instant nAt, As being the
time step.

An appropriate discretization of the left-hand
side of Eq. (14) may be

dHa . dUza) H" g1 —Hra"
— tV-(Ua) + ——=
ot 0%, At
a o(Usa”
+v-(U"a")+(+). (16)
0x;

Indeed, if a" is constant, by virtue of Eq. (15),
Eq. (16) may be transformed as follows:

Hn+1an+liHnan +V — Unan)
At ( ) X3
Hrlgn —Hngn o Ua™)
=——+ V- (Ua") + ——~
At 0% 5
n+1_an
+Hn+1
At
H™l—f» Uy
=a"|— V.U + —
At 0%,
an+l —a”
+H.”I+I
At
an+17 n
=a"[0] + H"*!
(0] At
o @28 17
B Ar A L0

Thus, the time stepping put forward above suc-
cessfully passes the test (14),
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Algorithm with mode splitting

When the mode splitting technique is used,
two different time steppings coexist (Gadd, 1978;
Madala, 1981; Blumberg and Mellor, 1987; Beck-
ers, 1991). The barotropic mode—or external
mode—, of which the variables are H and U, is
updated with the time step At,, while the baro-
clinic mode—or internal mode—is concerned
with the time step Af;. The numerical stability
constraints being much more restrictive for the
barotropic mode, we have

At,

N 18
Aty ’ (18)

where § is an integer number that is usually of
order 10 to 100. We use the time index m for the
baroclinic mode and the index »n for the
barotropic mode in such a way that (Fig. 2)

(mAt,,(m + 1)At;) = (nAtg,(n+S)Atg).
(19)

Because of the separation of the flow field
variables into two categories concerned with dif-
ferent time steppings, it seems appropriate to
split the continuity Eq. (11) into a barotropic and
a baroclinic part. Integrating Eq. (11) over the
water column, taking the impermeability condi-
tions Eq. (8) into account, we obtain

E. DELEERSNIIDER

Equation (20) permits updating the sea depth
according to

n+k+1 n+k
H H

73 +V .Utk =0,
k=0,1,...,5-1. (22)
It is suggested to discretize Eq. (21) as
V-0m+ 8[{3’” =0. (23)

0% 5

It is now essential to point out that the scalar
quantities are updated with the time step of the
baroclinic mode At,. We thus have to provide the
evolution equations of the scalar quantities with a
flow field that verifies the discretized version of
Eq. (11) in the baroclinic time stepping.

It would appear natural to use H™*! H™,
U™, U™ and U,;". But this set of variables does
not verify the continuity Eq. (11). In the baro-
clinic time stepping, we indeed have

Hm+1_Hm - _ . aU3m
(T + —
At, 0% 4
Hm+l*Hm o Hm+1_Hn+1
S A 7 ——_
At, At

(24)

To obtain an appropriate set of variables, we

aH . _ first derive the following sum from Eq. (22):
4=, (20)
ot k=S—1[ gpntk+1 _ prn+k
o . yrn+k —
which involves the variables of the external mode kgo I Ase AL 0, (&)
only. Substracting Eq. (20) from Eq. (11) yields )
the “baroclinic continuity equation” which leads to
; . 8U3 Hm+l_Hm _ kzsfl_
V'U"'T:O (21) _+V' E Un+k =0. (26)
0%; Atg k=0
internal m?t‘ e +i1)A51 > lime
mode ‘ |
i 1
| I
| |
nAt (n + DAt (n + S)At
external : E ‘x E | i E - time
mode At

Fig. 2. Illustration of the baroclinic and the barotropic time steppings.
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Then, we put
1 k=5-1 _
V7= E E Un+k’ (27)
k=0

which may be regarded as the average of the
barotropic transport over one baroclinic time step.
Dividing Eq. (26) by S, taking Eq. (27) into ac-

count, we have
Hm+1 —Hm™ ~
— 4+ V- -¥"=0. 28

AL (28)

This enables us to define flow variables verify-
ing the incompressibility condition. Indeed,
adding Egs. (23) and (28), we get

Hm+1*Hm _ - aUSm
——+V(VP O™ + —— =0. (29)
At, 0k

The left-hand side of Eq. (14) may then be
discretized as
dHa o(Usa)

— +§-(Ua)+ e
at 0x 5

Hm+1am+1_Hmam _ 5

~ +9-[(vm+0m)am]
At,
(Us"a™)

+ —.

0k 5

(30)

Taking Eq. (29) into account, it is readily seen
that, when a™ is constant, the discretization above
transforms to

Hm+1am+1 — Hmgm

+¥-[(v+ 0m)am]

At
m m+1 _ _.m

N a(U3 a’") =Hm+1a——-i:=H?i-
0%, At, o1

(31)

In other words, by defining the total horizontal
transport as V7 + U M it is very easy to build a
time stepping that successfully passes the test Eq.
(14).

If the new baroclinic transport U1 is avail-
able when the scalar gantities are to be advanced
in time, it might seem natural to use U™*! in-
stead of U™ To do so, it is sufficient to replace
(0™, UM by (0™*1, UP*1) from Eg. (21) on. It
is easily understood that, with this slight modifi-
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cation, the method put forward here remains
valid.

Conclusion

A method to deal with spurious flow conver-
gence / divergence effects in the evolution equa-
tions of scalar quantities has been presented. As
a matter of fact, it is guaranteed that these spuri-
ous effects will not arise only in regions where
the scalar quantity under study exhibits negligible
space variations. Since our method provides a
divergence free velocity field in the time stepping
of the internal mode, improvements in the nu-
merical results are expected whatever the space
distribution of the scalar quantities.

We have examined algorithms with and with-
out mode splitting. In the latter case, one has to
consider the sum of the baroclinic transport and
the average of the barotropic transport over the
baroclinic time step. The method proposed here
is extremely simple and implies negligible extra
computer costs.

The present discussion is focused on the com-
putation of scalar quantities only. In other words,
the problem of providing the momentum equa-
tions with a divergence free flow field has not
been addressed. This is however not a major
issue.

Our method is well suited to a “forward time
stepping”. Nevertheless, it is unlikely to be of any
use to other types of time steppings such as, for
instance, the leapfrog technique. A general
method is explained in the Appendix. It can be
adapted to any kind of time stepping but it turns
out to be less powerful than the method sug-
gested above.
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Appendix

Here we suggest a method capable of provid-
ing the internal mode with a divergence free flow
field whatever the type of the time stepping.

First, the scalar quantity Eq.(12) is solved by
assuming that the right-hand member is zero and
that a is constant in space and time. This leads to
a value of the sea depth at the new time level,
H™*1 which is in general not equal to that
obtained from the external mode equations,
H™*! However, a divergence free flow field is
now available in the time stepping of the internal
mode. Then, with this flow field, the scalar quan-
tity a is advanced in time, leading to the fictitious
value a™ ™. Finally, the new value of a is derived
from a™*'=(HI*'/H™ Dam*!, which allows
correcting the sea depth value without changing
the total amount of @ contained in the computa-
tional domain.

This technique, yet fully general, has obvious
shortcomings, which may be highlighted by con-
sidering an extremely simple case. It is hypothe-
sized that Eq. (12) involves no source / sink term,
ie., Q=0. Further assuming that a is initially
constant in space, it is readily seen that a must
remain constant as time progresses. Unlike the
method specifically designed for the forward time
stepping, the general method cannot reproduce
this behaviour, unless H7" "' = H™*! at any time
and at any location, which would correspond to a
truly exceptional—and probably useless—{flow
configuration.
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Recent Titles in Oceanography

Marine Physics
by J. Dera

Elsevier Oceanography Series
Volume 53

Presents energy and mass transfer
processes in the marine
environment together with an
explanation of their effects on other
processes. This volume should be
an invaluable resource to

| post-graduates and scientists in the
tields of engineering and
oceanography, and for those
interested in the protection or
exploitation of the marine
environment.

1992 x + 516 pages
Price: Dfl. 330.00 (US 188.50)
ISBN 0-444-98716-9

Coastal Lagoon Processes
edijted by B. Kjerfve

Elsevier Oceanography Series
Volume 60

A broad-based review of the
environmental, oceanographic,
engineering, and management
aspects of coastal lagoons
summarized in a convenient single
resource,

1993 In preparation
ISBN 0-444-88258-8

Oceanography of Asian
Marginal Seas

edited by K. Takano

Elsevier Oceanography Series
Volume 54

Contains 31 papers on physical
and geological oceanography,
marine engineering and meterology
in the Japan Sea and the East
China Sea. Almost all these
papers were presented atthe Fifth
JECSS (Japan and East China
Seas Study) Workshop held in
Korea in 1989. Results of
multinational cooperative studies
carried out since the initiation of
JECSS in 1981 are presented. It is

recommended to scientists in
coastal oceanography,
environmental oceanography,
mesoscale (synoptic scale)
oceanography and large-scale
oceanography.

1991 x + 432 pages
Price: Dfl. 230.00 (US 131.50)
ISBN 0-444-88805-5

Ocean Energies

Environmental, Economic and
Technical Aspects of
Alternative Power Sources

by R.H. Charlier and J.R. Justus

Elsevier Oceanography Series
Volume 56

Contents: State of the Art.
Offshore Wind Power Sations.
Ocean Current Energy Conversion.
Solar Ponds. Waves. Current
Assessment of Ocean Thermal. Is
Tidal Power Coming of Age?
Salinity Energy. Geothermal
Energy. Marine Biomass Energy.

1993 In preparation
ISBN 0-444-88248-0

Deep Ocean Circulation

Physical and Chemical
Aspects

edited by T. Teramoto
Elsevier Oceanography Series
Volume 59

‘The final report of the research
project entitled the Dynamics of the
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Deep Ocean Circulation. The
layered structure of the subsurface
circulation, which had been
predicted in the hypothetical model
proposed prior to the research, is
verified through Eulerian and
Lagrangian measurements of
current. Graduate students in the
field of oceanography will find this a
good textbook.

1993 392 pages
Price: Dfl. 260.00 (US 148.50)
ISBN 0-444-88961-2

Shallow Water
Hydrodynamics

Mathematical Theory and
Numerical Solution for a
Two-dimensional System of
Shallow-water Equations

by W.Y. Tan

Elsevier Oceanography Series
Volume 55

A comprehensive and systematic
knowledge on shallow-water
hydrodynamics is presented. It will
be of interest to scientists,
designers, teachers, postgraduates
and professionals in hydraulic,
marine, and environmental
engineering; especially those
involved in the mathematical
modelling of shallow-water bodies.

1992 xiv + 434 pages
Price: Dfl. 255.00 (US 145.75)
ISBN 0-444-98751-7

Elsevier Science Publishers
P.O. Box 1930

1000 BX Amsterdam

The Netherlands

P.O. Box 945
Madison Square Station
New York, NY 10160-0757

The Dutch Guilder (Df1.) price is
definitive. US § prices are subject
to exchange rate fluctuations.
Customers in the European
Community should add the
appropriate VAT rate applicable in
their country to the price.
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